1 Introduction.
Elimination theory and Newton polyhedra. Let N ⊂ C n be a variety, and let π : C n → C m be the standard projection. The goal of elimination theory is to describe the defining equations of π(N) in terms of the defining equations of N. We shall study defining equations of projections in the context of Newton polyhedra: suppose that the variety N ⊂ (C \ {0}) n is given by equations f 1 = . . . = f k = 0 with given Newton polyhedra and generic coefficients, and the projection π(N) ⊂ (C \ {0}) m is given by one equation g = 0. Under this assumption, we shall describe the Newton polyhedron and the leading coefficients of the Laurent polynomial g in terms of the Newton polyhedra and the leading coefficients of the Laurent polynomials f 1 , . . . , f k .
Many well-known facts about Newton polyhedra turn out to be special cases of this version of elimination theory. Let us give some examples of such facts and the references to their general versions formulated in this paper. 1) Kouchnirenko-Bernstein's formula (see [B] ). The number of common roots of n Laurent polynomials in n variables equals n! times the mixed volume of their Newton polyhedra, provided the coefficients of the polynomials are generic. 2) Khovanskii's product formula (see [Kh] ). A multidimensional generalization of Vieta's formula. The product of all common roots of n Laurent polynomials in n variables is a monomial in the leading coefficients of the polynomials, provided the Newton polyhedra of the polynomials are in general position. 3) Gelfond-Khovanskii's formula (see [GK] ). The explicit computation of the sum of values of a Laurent polynomial over all common roots of n Laurent polynomials in n variables, provided the Newton polyhedra of the polynomials are in general position.
To put these three formulas in the context of elimination theory, let us consider a Laurent monomial as a projection π : (C \ {0})
n → (C \ {0}). Then the defining equation of the projection of a 0-dimensional complete 1 The second author was partially supported by RFBR-JSPS grant 06-01-91063JaF-a.
of the polynomials (g 0 , . . . , g k ). Then the defining equation of the projection π({f 0 = . . . = f k = 0}) is called (B 0 , . . . , B k )-resultant.
In this particular case, theorems 4.2 and 4.1 give an explicit formula for the leading coefficients of the resultant with regard to signs (see our next paper for details). Theorems 4.3 and 4.4 give an explicit formula for the vertices of the Newton polyhedra of the resultant. Theorem 5.1 expresses a truncation of the resultant in terms of the resultants of a smaller dimension. In general, all these theorems are applicable to the defining equation of a projection of an arbitrary complete intersection. 5) Sturmfels-Tevelev-Yu's implicitization theory (see [STY] ) is a description of the Newton polyhedron of the defining equation of a parameterized hypersurface (g 0 , . . . , g n ) : (C \ {0})
n → (C \ {0}) n+1 in terms of the Newton polyhedra of the polynomials g 0 , . . . , g n , provided the coefficients of the polynomials are generic.
More generally, consider a mapping g = (g 0 , . . . , g k ) : (C \ {0}) n → (C \ {0})
k+1 and a k-dimensional complete intersection F = {f 1 = . . . = f n−k = 0} ⊂ (C \ {0}) n with g 0 , . . . , g k , f 1 , . . . , f n−k being Laurent polynomials on (C \ {0})
n . Let π be the standard projection (C \ {0})
k+1 , and let y 0 , . . . , y k be the standard coordinates on (C \ {0}) k+1 . Then the defining equation of the image g(F ) ⊂ (C \ {0}) k+1 equals the defining equation of the projection π({g 0 −y 0 = . . . = g k −y k = f 1 = . . . = f n−k = 0}). Thus, theorem 3.2 gives the Newton polyhedron of the defining equation of g(F ).
Remark. Putting zero-dimensional facts 1, 2, and 3 in the context of elimination theory is just the way to apply them to projections of complete intersections of an arbitrary dimension. Putting facts 4 and 5 in this context gives a new way to prove and generalize them. Contents. In the end of this section we formulate the basic notions of Newton-polyhedral elimination theory in more details. In section 2 we give an overview of some other versions of this theory -for rational functions, for analytic germs, and for polynomials "without regard to multiplcities" (the last one is the usual point of view when discussing Newton polyhedra of resultants). In section 3 we discuss "elimination theory for convex bodies" that arise from computation of the Newton polyhedron of the defining equation of a projection.
In section 4 we compute leading terms of the equation of a projection of a complete intersection V in terms of leading coefficients of the equations of V , provided that the Newton polyhedra of the equations are in general position.
In section 5 we express a truncation of the defining equation of a projection in terms of defining equations of projections of smaller dimension. The defining equation of a projection of a complete intersection. Let us formulate the definition of the equation of the projection of a complete intersection in more details. Let π : (C\{0}) n → (C\{0}) n−k be the standard projection.
Let f 1 , . . . , f m be Laurent polynomials on (C\{0}) n , such that codim{f 1 = . . . = f m = 0} = m. We shall denote by [f 1 = . . . = f m = 0] the intersection cycle of the divisors of the polynomials f 1 , . . . , f m .
is called the defining equation of the projection of a complete intersection
Remark. The polynomial π f 0 ,...,f k is defined up to a monomial factor. The Newton polyhedron of the defining equation of a projection. The Newton polyhedron of the polynomial π f 0 ,...,f k is uniquely determined up to a parallel shift by the following equation.
n and A ⊂ Z n−k be the Newton polyhedra of the polynomials f 0 , . . . , f k and π f 0 ,...,f k . Consider Z n−k as a sublattice of Z n (the projection π of the complex tori induce the embedding of their character lattices). Then, for any polyhedra
provided the coefficients of the polynomials f 0 , . . . , f k are in general position (in the left hand side and in the right hand side V means the n-dimensional and the (n − k)-dimensional mixed volume respectively).
This equality gives rise to "elimination theory of convex bodies", i. e. the computation of A from this equality (see section 3 for details and theorem 3.2 for an explicit formula).
Remark. General position in the formulation of this theorem means that for any collection of faces
a∈A c a x a onto B ⊂ A we mean the polynomial a∈B c a x a .) To prove the theorem, let us consider generic Laurent polynomials g 1 , . . . , g n−k−1 on (C \ {0}) n−k with the Newton polyhedra B 1 , . . . , B n−k−1 . By Bernstein formula, the number of solutions of the systems f 0 = . . .
. . , B n−k−1 ) respectively (with regard to multiplicities). On the other hand, the solutions of the second system are the projections of the solutions of the first one.
Other versions of elimination theory.
In this paper we discuss common zeros of Laurent polynomials with regard to multiplicities. Of course, one can develop the same theory in many other circumstances. Let us give some examples. The defining equation of a projection without regard to multiplicities. This point of view is usual for discussing Newton polyhedra of multidimensional resultants. For a finite set A ∈ Z n , denote by C[A] the set of all Laurent polynomials a∈A c a x a . Consider a projection π : (C \ {0}) n → (C \ {0}) n−k and finite sets A 0 , . . . , A k in the character lattice Z n of the complex torus (C \ {0}) n . The defining equation of the projection π f 0 ,...,f k is not reduced for a collection of polynomials (f 0 , .
n are degenerate in some sense (see the definition below). Let us denote by π 0 f 0 ,...,f k the reduced polynomial that defines the same set as π f 0 ,...,f k . The theorem below explains relations between π 0 f 0 ,...,f k and π f 0 ,...,f k . This allows us to apply the tools developed in this paper to reduced equations of projections.
. . , k}, and the set n j=0 A j is not contained in a proper sublattice of Z n .
and the corresponding embedding of the character lattices
3) (Reduction to the essential subcollection.) Otherwise, there exists an essential collection of finite sets
In this case π
, where 
corresponds to the diagram of the injections of the character lattices
where {i 0 , . . . , i k−|J| } = {0, . . . , k} \ J, the lattice H 0 is generated by the differences of points of the set j∈J A j + L, the lattice H is the completion of the lattice H 0 , and π H :
The proof of the theorem above is the straightforward generalization of a similar reasoning for resultants in [S] .
Remark. This theorem means, for example, that the Newton polyhedron of π
Rational equations of projections. One can readily generalize elimination theory from Laurent polynomials and convex polyhedra to rational functions and virtual polyhedra. Equations of projections of germs and polyhedra parallel to the positive octant. The Newton polyhedron of a germ of an analytic function f : (C n , 0) → (C, 0) in variables x 1 , . . . , x n is the minimal polyhedron parallel to the positive octant of the lattice of monomials in x 1 , . . . , x n (see definition 2.4 below) and containing all monomials of the Tailor expansion of f . One can readily generalize elimination theory from Laurent polynomials and convex polyhedra to germs of analytic functions and polyhedra parallel to the positive octant. It requires the following version of Bernstein theorem. If C = * then P C is the set of pairs of bounded polyhedra, Vol (A, B) = Vol(A) − Vol (B) , and thus
If the cone C is nontrivial, then the mixed volumes on the right-hand side are infinite, but "their difference is well defined".
where the sum is taken over all unit covectors γ, and A γ is a face where γ achieves its maximum as a function on a polyhedron A ⊂ R n .
Remark. The formula from proposition (2) of this lemma is not symmetric with respect to permutations of pairs. It is well defined, since it containts only finite number of non-zero summands (corresponding to normal covectors of bounded (n − 1)-dimensional faces of the sum (1) follows from lemma 2.1, (2) and (3) follow from (1) and Bernstein formula for analytic germs (see [E] ).
3 Elimination theory for convex bodies.
Mixed fibre polyhedron. The statement of theorem 1.1 means, that computation of the Newton polyhedron of the equation of a projection of a complete intersection leads to the following "elimination theory for convex bodies":
Thus, theorem 1.1 states that the Newton polyhedron of the equation of a projection of a complete intersection f 1 = . . . = f k = 0 is the mixed fibre body of the Newton polyhedra of polynomials f 1 , . . . , f k .
Theorem 3.1. 1) There exists a unique (up to a parallel transport) mixed fibre body of given bodies with respect to a given plane.
2) The mixed fibre body of polyhedra is a polyhedron.
3) The mixed fibre body of integral polyhedra is an integral polyhedron.
The proof given below leads to an explicit formula for computation of mixed fibre bodies. It is based on the following two examples of mixed fibre bodies.
If k = n−1, then the mixed fibre body of bodies A 0 , . . . , A k is the segment of length n!V (A 0 , . . . , A k ).
If A 0 = . . . = A k , then the mixed fibre body is the Minkowski integral (k+1)! R n /R n−k A 0 dµ, where µ is the ratio of the standard volume forms on R n and R n−k . (By definition, the support function of the integral R n /L Adµ ⊂ L of a convex body A ⊂ R n with respect to a plane L ⊂ R n equals the integral of support functions of the bodies A ∩ (L + x) over all x ∈ R n /L with respect to a volume form µ on R n /L -see [BS] for details.) Proof of theorem 3.1. The uniqueness is obvious. Proposition (3) follows from the relation with Newton polyhedra, see theorem 1.1. The existence of the mixed fibre body is a corollary of the following explicit formula.
Theorem 3.2. Let µ 1 and µ 2 be the standard volume forms in the spaces R n and R n−k ⊂ R n . Then the virtual convex body I⊂{0,...,k}
is a proper convex body and satisfies the definition of the mixed fibre body of bodies A 0 , . . . , A k with respect to a plane R n−k .
Remark. Recall that a virtual convex body is a formal difference of two convex bodies up to the equivalence relation A − B = (A + C) − (B + C), where "+" is the Minkowski sum. A virtual convex body is called proper, if it is equivalent to a convex body.
It is enough to prove this theorem for polyhedra. To prove it for arbitrary convex bodies, one can approximate them with polyhedra. Thus, it is enough to prove the following two propositions.
Proposition 3.1. Let µ 1 and µ 2 be the standard volume forms in the standard spaces R n and R n−k ⊂ R n . Then the virtual polyhedron I⊂{0,...,k}
satisfies the definition of the mixed fibre body of polyhedra A 0 , . . . , A k with respect to a plane R n−k .
Proposition 3.2. For any convex polyhedra A i the mixed fibre polyhedron I⊂{0,...,k}
Proof of proposition 3.1. Recall that for a polyhedron A ⊂ R n and a covector γ ∈ (R n ) * by A γ we denote the face of A where γ achieves its maximum as a function on A. For a virtual polyhedron A − B by definition
by R n /R n−k (A 0 , . . . , A k ), and notice the following fact:
We shall prove proposition 3.1 by induction on the dimension n − k. For n − k − 1 = 0 this proposition is a well-known formula for the mixed volume:
For arbitrary dimension
Here we use lemma 3.1, inductive hypothesis and the following well-known formula: Proof of proposition 3.2. To prove that a virtual polyhedron is proper it is enough to prove that its edges are proper, i.e. have a positive length. This is a corollary of the following obvious lemma (one can apply it to the support function of a virtual polyhedron):
. If the restriction of a continuous function f : R n → R to a generic line is convex, then f is convex.
Mixed fibre polyhedron of polyhedra A i in R 1 has positive length, since it equals the mixed volume of A i . The following lemma implies that each 1-dimensional mixed fibre polyhedron in R n−k equals some mixed fibre polyhedron in R 1 .
, where in the right-hand side A 0 , . . . , A k are considered as polyhedra in
Thus, each edge of a mixed fibre polyhedron has a positive length, since it equals a sum of 1-dimensional mixed fibre polyhedra by lemma 3.1.
Leading coefficients of equations of projecitons.
Projections of zero-dimensional complete intersections. Computation of the ratio of the leading coefficients of the equation of the projection π(C \ {0}) n → (C \ {0}) of a zero-dimensional complete intersection V is equivalent to the computation of the product of values of the monomial π over all points of V , as explained in the introduction. Thus, the formula for the product of roots below (which is a generalization of the fact from [Kh] ) gives the expression of the ratio of the leading coefficients of the equation of a projection of a zero-dimensional complete interseciton in terms of leading coefficients of the equations of this zero-dimensional complete intersection, provided that their Newton polyhedra are generic. The product over roots R A 0 ;A 1 ,...,An is a monomial in leading coefficients of g 1 , . . . , g n if A 0 is a point and polyhedra A 1 , . . . , A n are generic enough. To compute this monomial we need the following notation.
Recall that for a polyhedron A ⊂ R n and a covector γ ∈ (R n ) * by A γ we denote the face of A where γ achieves its maximum as a function on A. The proof is similar to the proof from [Kh] (the version of theorem [Kh] .5.3 applicable to the product of x A 0 over the roots of f 1 = . . . = f n = 0 follows from theorem [Kh] .5.2, since the values of the monomial x A 0 at the roots of the system f 1 = . . . = f n = 0 are uniformly bounded along any deformation of the polynomials f 1 , . . . , f n that does not change their Newton polyhedra).
Remark. If A 1 , . . . , A n are developed, then the functions v i = 0 are developed, and theorem 4.1 turns into the main theorem from [Kh] . General case. Here we describe coefficients of the equation of the projection π f 0 ,...,f k near its leading monomials (i.e. near monomials that correspond to the vertices of its Newton polyhedron). Since the polynomial π f 0 ,...,f k is welldefined up to multiplication by a monomial, we shall rather compute the ratio of two leading coefficients of π f 0 ,...,f k . Theorem 4.4 allows to compute degrees of corresponding monomials.
It turns out to be possible to express the ratio of leading coefficients of the equation of a projection of a complete intersection in terms of some product over roots (in the same way as for a zero-dimensional complete intersection, see theorem 4.2). One can use theorem 4.1 to compute this product over roots, provided that the Newton polyhedra of the equations of a complete intersection are generic (see definition 4.6).
Definition 4.5. A covector γ ∈ (R n ) * supports a vertex a of a polyhedron A ⊂ R n if γ has a strict maximum at a as a function on A. Then the ratio of the coefficients of π f 0 ,...,f k near monomials that correspond to the vertices B 1 and B 2 , equals to the product over roots
Remark. It turns out to be possible to use this theorem to find the ratio of coefficients of the polynomial π f 0 ,...,f k near two arbitrary vertices B 1 and B 2 of its Newton polyhedron: under an appropriate monomial change of coordinates and multiplication polynomials f i by appropriate monomials the Newton polyhedra of f i take a position that makes theorem 4.2 applicable to any given pair of vertices B 1 and B 2 .
Remark. If the equation of a projection is homogenious (for example, a multidimensional resultant) then the monomial change of coordinates is not necessary to apply theorem 4.2 to an arbitrary pair of vertices B 1 and B 2 , because each vertex is supported by some covector with positive components.
Remark. If the Newton polyhedra of the polynomials f 0 , . . . , f k are generic (definition 4.6) then the statement of theorem 4.2 holds without an assumption on general position of coefficients of f 0 , . . . , f k , and one can use theorem 4.1 to compute the corresponding product over roots R(t;f 0 , . . . ,f k ).
To prove theorem 4.2 one can apply the following lemma to the equation of the projection π f 0 ,...,f k (provided that its Newton polyhedron belongs to the positive octant and intersects all coordinate hyperplanes). This lemma is a corollary of Vieta theorem. Vertices of a mixed fibre polyhedron. To apply the theorem above we need a description of vertices of the Newton polyhedron of the equation of a projection (i.e. a mixed fiber polyhedron), support covectors of its vertices, and conditions of general position for Newton polyhedra mentioned in the third remark after theorem 4.2.
Recall that for a polyhedron A ⊂ R n and a covector γ ∈ (R n ) * by A γ we denote the face of A where γ achieves its maximum as a function on A.
Denote by p : R n → R n /R n−k the natural projection.
* supports a vertex of the mixed fibre polyhedron of polyhedra A 0 , . . . , A k ⊂ R n with respect to the plane
This theorem is an obvious corollary of the expression of the mixed fibre polyhedron in terms of Minkivski integral (see claim 3.1).
Definition 4.6. Polyhedra A 0 , . . . , A k ∈ R n are said to be developed with respect to a subspace
The following formula for the vertices of the mixed fibre polyhedron of developed polyhedra is a generalization of a formula for the mixed volume from [Kh] ).
Definition 4.7. The weight m(a, i, γ) of a vertex a of a polyhedron A i from a collection A 0 , . . . , A k ∈ R n with respect to a covector γ ∈ (R n−k ) * is Then the set of all points a γ , γ ∈ Γ is the set of all vertices of a convex polyhedron which is a parallel transport of the mixed fibre polyhedron of polyhedra A 0 , . . . , A k ⊂ R n with respect to the plane R n−k .
One can use this theorem to find the vertices of the mixed fibre polyhedron of arbitrary polyhedra A 0 , . . . , A k : it is enough to perturb their vertices to make their convex hulls developed with respect to R n−k . See our next paper for details. Proof of theorem 4.4. Let us choose a decomposition R n into a direct sum R n−k ⊕ P , and prove that the projections of points a γ to R n−k along P are vertices of the mixed fibre polyhedron. Then the fact that the projection of the set of points a γ , γ ∈ Γ along P is independent (up to a parallel transport) on the choice of a decomposition R n = R n−k ⊕P , implies that the set of points a γ , γ ∈ Γ is a parallel transport of a subset of R n−k . Thus, it is enough to prove that the convex hull M ′ of projections of points a γ , γ ∈ Γ to R n−k along P satisfies the definition of the mixed fibre polyhedron, i. e.
are equal for generic polyhedra B 1 . . . , B n−k−1 ⊂ R n−k . Both of these mixed volumes are close to zero whenever polyhedra A i are close to {0} ⊕ P . Thus, it is enough to prove that the difference of these mixed volumes is locally constant as a function of vertices of polyhedra A i , which is a corollary of the following lemma (one can apply it to both of these mixed volumes): 
where p v : R m → R m /Rv is the natural projection, and V is the standard mixed volume in R m /Rv.
This formula is a corollary of theorem 3.3.
5 Truncations of equations of projections.
Formulation. Here we compute truncations of the equation of a projection of a complete intersection in terms of projections of truncations of this complete intersection. This formula is similar to the property of mixed fibre polyhedra from lemma 3.1. 
be standard projections, let f 0 , . . . , f k be generic Laurent polynomials on the complex torus (C \ {0}) n , and γ ∈ Z n−k . Then the trunvation π
The proof is given in the end of this section. Remark. Reducing each multiplier π f δ 0 ,...,f δ k to the case of essential Newton polyhedra (see proposition 3 of theorem 2.1), we can express the restriction of the equation π f 0 ,...,f k onto a j-dimensional face of its Newton polyhedron in terms of the equations of projections of (j − 1)-dimensional complete intersections.
Remark. In particular, this formula expresses the restriction of the equation π f 0 ,...,f k onto an edge of its Newton polyhedron in terms of equations of projections of zero-dimensional complete intersections. The computation of these zero-dimensional complete intersections under the assumption of general position of Newton polyhedra of f 0 , . . . , f k is described in the introduction (it is based on the formula from [GK] ). Truncations of varieties. The proof of theorem 5.1 is based on the following definition of a truncation of a variety (just a more geometric reformulation of the usual one, see [K] ). By varieties we mean varieties with multiplicities (i. e. formal sums of irreducible varieties of the same dimension with positive coefficients). In particular, by the intersection of varieties we mean the intersection with respect to multiplicities, which is well-defined for proper intersections only (the intersection of varieties V i is said to be proper, if its codimension equals the sum of codimensions of V i ). Uniqueness is obvious. Existance is a corollary of the following explicit construction of the truncation of M ⊂ (C \ {0}) n in the direction γ ∈ Z n . Without loss of generality we can assume that γ = (k, 0, . . . , 0) and define M γ as p −1 1 (M ∩{x 1 = 0}), wher x 1 , . . . , x n are the standard coordinates in C n , p 1 : (C \ {0}) n → {x 1 = 0} is the standard projection, and M ⊂ C × (C \ {0}) n−1 is the closure of the variety M ⊂ (C \ {0}) n ⊂ C × (C \ {0}) n−1 (with respect to multiplicities).
Proposition (2) of the lemma above also follows from this construction. Indeed, the variety p Proposition (3) follows in general case from the existance of the c-fan, or the Grobner fan of the ideal of a variety M (see [K] etc.). If M is a generic complete intersection, which is the only important case for the proof of theorem 5.1, then proposition (3) is obvious from proposition (2). Indeed, γ 1 and γ 2 -truncations of a generic complete intersection coincide, if A γ 1 = A γ 2 , where A is the sum of the Newton polyhedra of the equations of this complete intersection. Proof of theorem 5.1. Theorem 5.1 is a special case of the following fact:
